Power Mean Curvature Flow in Lorentzian 

Manifolds 

Guanghan Li^ and Isabel M.C Salavessa^ 



Abstract: We study the motion of an n-dimensional closed spacelike hypersur- 
face in a Lorentzian manifold in the direction of its past directed normal vector, 
where the speed equals a positive power p of the mean curvature. We prove that 
for any p G (0, 1], the flow exists for all time when the Ricci tensor of the ambient 
space is bounded from below on the set of timelike unit vectors. Moreover, if we 
assume that all evolving hypersurfaces stay in a precompact region, then the flow 
converges to a stationary maximum spacelike hypersurface. 
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1 Introduction 

Curvature flow has been studied extensively for more than twenty years. 
Mean curvature flow was first studied in a weU-known paper of Huisken 
In PP, Andrews studied the motion of a closed convex hypersurface in 
M"^^ with the normal velocity proportional to a positive power of Gaussian 
curvature. While in |10| . Schulze considered the power mean curvature 
flow of convex hypersurfaces also in the Euclidean space. In the case of 
Lorentzian geometry, Ecker, Huisken 0, and Gerhardt 001 El El studied 
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several kinds of curvature flow of spacelike hypersurfaces in order to find 
hypersurfaces with prescribed curvatures. 

In this paper, we shall consider the motion of a closed spacelike hy- 
persurface in a Lorentzian manifold, in the direction of its past directed 
normal vector field, such that the evolution velocity is a positive power 
of the mean curvature. Precisely, let A'' be a globally hyperbolic {n + 1)- 
dimensional Lorentzian manifold with a compact Cauchy hypersurface 5*0 , 
and M an n-dimensional smooth manifold. We shall investigate the follow- 
ing problem. Let Mq G N he a spacelike hypersurface the mean curvature 
of which is strictly positive, we then consider the power mean curvature 
flow 

i = sign{p) v, (1-1) 

with initial data a;(0) — xq, where sign[p) is the sign function of and 
Xq an embedding of initial hypersurface A/q = x{0){M). Here H is the 
mean curvature of the flow hypersurfaces M{t) = xt{M), with respect to 
the past directed normal v and p a non-zero real number. The evolution 
equation (1.1) is a parabolic problem, the solution exists for a short time. 
If we assume that Mq is a graph over Sq, then we can also write M{t) as a 
graph over Sq, i.e. 

M{t) — graphu(i,x), 

where x G Sq is an abbreviation of the space- like components. 

For p = 1, Ecker, Huisken 2 and Gerhardt j2j studied the evolution 
problem x — f)v, in order to find a spaceUke hypersurface with a given 
mean curvature function / provided so-called upper and lower barriers for 
(77, /) are satisfied. If N satisfies a mean curvature barrier condition and 
strong volume decay condition, Gerhardt 6 proved that the inverse mean 
curvature flow (the case p = —1 in (1.1)) exists for all time and provides 
a foliation of the future of the initial hypersurface Mq. Furthermore, if N 
is a asymptotically Robertson- Walker space, Gerhardt showed that the 
leaves of an inverse mean curvature flow converge to an umbilical hyper- 
surface and provide transition from big Crunch to big Bang. 

If the Ricci tensor of N is bounded from below on the set of timelike unit 
vector, we shall prove that the power mean curvature flow (1.1), with p e 
(0, 1] exists for all time, and converges to a stationary maximum spacelike 
hypersurface when all evolving hypersurfaces stay in a precompact region, 
i. e. we have the following theorem. 

Theorem 1.1. Let N be a cosmological spacetime with compact Cauchy 
hypersurface Sq and Mq a closed spacelike hypersurface with positive mean 
curvature in N. If the Ricci tensor of N is bounded from below on the set 
of timelike unit vectors 

Rapiy'^iy^ > -A, y <i^,iy>^ -1, (1.2) 
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for a positive constant A, then the power mean curvature flow equation (1.1) 
with initial hypersurface Mq exists for all time, whenp S (0, 1]. Moreover if 
we further assume that the limit limt_»oo infj^eso ^i^i ^) ^■s bounded from be- 
low, then the solutions to (1.1) converge to a stationary maximum spacelike 
hypersurface as t oo. 

Remark 1.1. (i) That the limit linit^oo iidxeSo '^(^i ^) ^•s bounded from be- 
low is equivalent to say that all evolving hypersurfaces stay in a precompact 
region of N . Moreover in this case, the flow converges to stationary max- 
imum spacelike hypersurface without the assumption on the Ricci tensor 
bound (1.2) (see Lemma ^.1). (ii) If we suppose that the upper and lower 
barriers for the mean curvature hold like that in the results in Theorem 
1.1 still hold. 

For the notations and definitions we refer to section 2 for more detailed 
description. In section 3 we look at the curvature flow associated with our 
problem, and corresponding evolution equations for the basic geometric 
quantities of the flow hypersurfaces. In section 4 lower bound estimates 
for the evolution problem are proved, while a priori estimate for the norm 
of the second fundamental form is derived in section 5. Finally in section 
6, we demonstrate that the maximum existence time is infinity and the 
evolution equation converges to stationary solution, which completes the 
proof of Theorem 1.1. 

2 Preliminaries 

In this section we state some basic concepts and formulas which can be 
found in jS] or Let TV be a globally hyperbolic Lorentzian manifold 
with a compact Cauchy surface Sq. TV is a topological product M x 5*0, 
where Sq is a compact Riemannian manifold, and there exists a Gaussian 
coordinate system {a:"}, and such that the metric in N has the form 



where aij is a Riemannian metric, ij} a function on iV, and x an abbreviation 
for the space-like components (x*). We also assume that the coordinate 
system is future oriented, i. e. the time coordinate increases on future 
directed curves. 

Let M be a space-like hypersurface, i. e. the induced metric is Rie- 
mannian, with a differentiable normal v that is timelike. Let (^*) be the 
local coordinates on M . Geometric quantities on N will be denoted with a 
bar, for example, by {ga/}), {Rap^ys), etc., and those in M without the bar, 
as (gij), (Rijki), etc. Greek indices range from to n and Latin from 1 to 




(2.1) 
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n. For a function u in N, and (uafj) denotes respectively the gradient 
and the Hessian of u. We use the summation index convention on repeated 
indices. We assume the above time-Uke normal v is past directed. Then 
the Gaussian formula of M is given by 

x?j = hijv'^. (2.2) 

We represent covariant derivative of a tensor as a full tensor. For instance 



ij-^k Pj-^i -^j ' 



(2.3) 



where the comma indicates ordinary partial derivatives, and {F^^}, {F^^} 
the Christoffel symbols of M and N, respectively. The quantities Rap-fd-e 
denotes the covariant derivative of the curvature tensor, where i = = 

xfe = xf-r^. The definition of the second fundamental form (/ijj) is taken 
with respect to u. The Weingarten equation is given by 

= h'^xt, (2.4) 

where = z/" + z^T^. Recall the Codazzi and the Gaussian equations, 

hij,k - hik,j = Ra0'i5t^"x^x]xi (2.5) 

Rijki = - {hikhji - hiihjk) + Rafijsxfx'^ xlxf. (2.6) 
Let M = graphujsp be a space- like hypersurface 

M = {(x°, x)\x° = u{x),xG So}, 
The induced metric on M has the form 

9ij = e'^'^ {-UiUj + aij) , 

where aij are fuctions of {u, x), and Ui ~ The inverse matrices (5'-' ) = 
{9ij)~^ and (a*-') = (fTy)"^ are related by 



gij = e-2V 



V V 



where 



u' = a'^Uj, = 1- a'^UiUj = 1 - |Z)up. 



Hence, graphu is space-like if and only if \Du\ < 1. The contravariant past 
directed normal vector and its covariant form are respectively given by 

(i/«) = -t;-ie-'^(l,«') = -u-^e-'^(l,u\--- ,m") (2.7) 
(z/„) = t;~^e'^(l,-Uj) =t;~^e'^(l,-ui,--- ,-u„). 
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From (2.3) and (2.7) one obtains 

-V- -U _ T° r° "r" "r" 

e V iiij — Uij i ^QUiUj i QjUi i ojUj — i jj. 

Set [hij) be the second fundamental form of the hypersurface {x' 
Then 

_r°. - e'-'^'h- ■ 

and by computing the Christoffel symbol of N one derives 

where the dot indicates differentiation with respect to x". 
In PIEIEI it is defined a Riemannian metric (cjap) by 

gapdx°'dx<^ = e^'^ [dx^^ + a.jdx'dx'^ 

and corresponding norm of a vector field t] by 

llhlll = {go^pv^v^)^ 

with similar notations for higher tensors. 

3 Evolution Equations 

From now on, we always assume p > 0, and so sign{p) = f . In order to 
study the evolution problem (1.1), it is convenient to consider the evolution 
equation 

x^{HP- t)v, (3.1) 

where t is a small positive number. The evolution problem (3.1) is a 
parabolic problem, hence a solution exists on a maximum time interval 
[0, r*), < r* < oo. In the following we show how the metric, the second 
fundamental form and the normal vector of the hypersurfaces M{t) evolve. 
All time derivatives are total derivatives. Here is just the special case, we 
refer to 0] for more general results, so we omit the proofs of the following 
lemmas. 

Lemma 3.1. The metric, volume element, the normal vector, and the 
second fundamental form of M{t) satisfy the evolution equations 

= 2iHP-T)h,^, 

h\ = {HP)\ {HP - r)h^hi - (HP - r)i?„0^,^."xf 

= {HP\,+{HP -T)h'lhkj-(HP -T)R^p^sy^x^^y-'x]. 



(2.8) 
= const.}. 

(2.9) 
(2.10) 
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Let ||A||2 = /iy/iy. 

Lemma 3.2. The mean curvature H evolves according to the following 
equations 

j^H = pHP-'^AH +p{p-l)HP-'^\\VMH\f 

-{HP-T){\\A\f + R^f3U^u^) (3.2) 

= pHP-'^AHP -pHP-W\A\f + R„fsu"'u^){HP -t). (3.3) 
Lemma 3.3. The mixed tensor hj satisfies the parabolic equation 

jh{ = pHP-^Ahi-pHP-\\\A\f + R^fsu"iy^)hi 

+ {p- l)HPh'^hi + Th'^hi + p{p - l)HP-^ViHV^H 

+2pHP-^Ro,^^sx^xfxlxih''"'g''^ + rR^p^s'^'^x^i^^xig"'^ 
-pHP-^g^m^f,,sT'^xlx'i{x1hTg'-^ + arT/i'"^) 
+ {p-l)HPR„fi.,su^xflu''xlg-^^ 

+pHP-^gm^0^S;e{i^'^xix1xlx^^g^i + v'^x^lxlxlxlg"^^). (3.4) 
We immediately deduce from (3.3) 

Lemma 3.4. If Hp >t att = Q, then for any t e [0, T*), HP{t) > r. 

4 Lower Bound Estimate 

The evolution problem (3.1) exists on a maximum time interval / = [0, T*). 
We will prove that T* = oo. Because of the short time existence, and the 
initial hypersurface Mq is a graph over So, we can write 

M{t) = graphu(t) = {{u{t,x{t)),x{t)) : x{t) e Sq}, \ft € I, 

where u is defined in the cylinder Qt* = I x Sq. From (3.1) and using (2.7) 
for a = one sees that u satisfies a parabolic equation of the form 

u = -e-'''v-\HP -t), (4.1) 

where m is a total derivative, i. e. 

Ou 

u=-g^+Uix\ (4.2) 

and so 

- = -e-^v{HP-T). (4.3) 
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Consequently, from Lemma 3.4, ^ is non positive. Next we shall prove 
that the flow stays in a precompact region in finite time. 

Lemma 4.1. Let N be a cosmological spacetime with a compact Cauchy 
hypersurface and satisfy condition (1-2). Then, for any finite T , < T < 
T* , the flow (3.1) stays in a precompact region Qt for < t < T . 

Proof. First we claim that, we can choose a new time function such 
that the Lorentzian metric of N also has the form (2.1), and the conformal 
factor satisfies "0 ^ 0- Suppose that 

x"^C{x°), x' = x\ i = l,2,---,n 

where C is a function with non-vanishing derivative. Then the metric 
is given by in the new coordinates 

ds% = e^^iC)-^ + (C)2a,,(C-i(5?°),J)dFdF) , 

where the dot indicates the differentiation with respect to a;" . If we let 

iC)-^=expi-2 inf 

x£bo 

and we then have tp = — inf^^gSo i^i^^ix)), which is non-negative. This 
proves the claim, and therefore without loss of generality, we may assume 
ip > in the metric (2.1). 

From (4.3) and Lemma 3.4 u is decreasing. Thus we only need to prove 
that u has a lower bound. Set ip{t) = infg^ u{x,t). We may assume there 
exists some to S (0, T) such that (/?(to) < Oj otherwise u were bounded, and 
the lemma holds. The function ip is Lipschitz continuous and if xt is such 
that the infimum is attained at xt, then = -g^u{t,xt) holds for a.e. t, 
(cf. 121, Lemma 3.2). By (3.2) and (1.2), and using again Lemma 3.2 of [HI, 
we see that 

sup F < A(sup HP-t)<A sup HP, 

dt So So So 

which implies that 

sup H^-P{t) < sup H^-P{0) + (1 - p)At (4.4) 
for p e (0, 1), and 

supi/(<) < supi7(0)e'^* (4.5) 
for p = I. We therefore have 

^^>-(snpH^-P(0) + (l-p)At)^-T, ior < p < 1, 
5* So 
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and 

M^>-C,e- for p=l. 
at 

From these inequalities we immediately deduce for < p < 1 

if{t) > -tT Ci{snpH^-P{0) + (1 -p)AT)T^, VO < i < T, 

So 

and for p ~ 1 

ip{t) > ip(to) - Cie^\ VO<t<T, 
proving the lemma. □ 

5 Estimates 

We consider a smooth solution of the evolution equation (3.1) in a maxi- 
mum time interval [0, T*). In order to prove that the hypersurfaces remain 
uniformly space-like, we only have to prove that the term 

V — V = — = 

is uniformly bounded in finite time, i.e. in Qt = [0, T] x Sq for any < 
T < T*. We shall apply the maximum principle to the evolution equation 
of the quantity w = v(p, where ip is defined in (5.8) below. This was first 
used by Gerhardt and the following proof is a slight modification in 
Let 77 be the covariant vector field (770,) = e'^(— 1, 0, • • • ,0). 

Lemma 5.1. The quantity v satisfies the the evolutive equation 

= -pHP-^\\A\\^v~2pHP-^h'^xfx^T^^p-pHP-^g'^7^^t3^xfx],y'^ 

-pHP-mc^pv'^xlT^^xlg''' ~{p~ \)Hi'7^^pv^v^ - TT^c.pv'^v^ (5.1) 

Proof. Covariant differentiation of w =< rj,u > gives 

Vij = r]ai3jX^x]i^°' + ■qapx^ijv"' + rjapxfvf + riapx'^j t'f + riavfj, (5.2) 

and the time derivative of v is given by 

V = Vo^px^v"" + riaV°' = ri^pv°'v'^{HP - t) + ?7„V'=(i?P)x^ 

= ri^pv^vP{HP-T)+pHP-^^''HxtTi^. (5.3) 
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Now by Weingarten formula (2.4) and using Codazzi equation (2.5) we have 

= 77„V'=iI<+i?,^z/^77"x^x7g'='+77„:."||A||2. (5.4) 

Substituting (5.2), (5.3) and (5.4) into (5.1), we get the lemma. □ 
The following lemma is a result in [3] 

Lemma 5.2. Consider the flow in a precompact region fix- Then there is 
a constant c — c{Qt) > such that for any positive function < e = e(x) 
on Sq and any hypersurface M{t) of the flow we have 

|||z/||| < cw, 

g"^^ <cv^a^-' (as operators), 

\h^=Vcpxfx^\<^\\A\\'v + ^v\ 

Using the previous lemmas, and that \HPriaf3V°'i'^\ < cH^v^, ^ cv, 

and the use of the Young inequality and the relation < n||A|p leads to: 

Lemma 5.3. There is constant c — c{Qt) such that for any positive func- 
tion < e — e{x) on Sq, the term v satisfies a parabolic inequality of the 
form 

i-pHP'^Av<--pHP-\l-e)\\A\fv+pHP-'^ ^ e) ^^ + ^'^^' (^'^^ 

We stress that this constant c depends on Qt and on all geometric quan- 
tities of the ambient space restricted to we have ben considering. Now 
set M* = g^^Uj. 

Lemma 5.4. Let M(t) — graphu{t) be the flow hypersurfaces, then we 
have 

it-pRP-^Au = {p-l)HPe~'''v + Te-'f'v 

+pHP-\-e-^g^%, +Tl„\\Du\f + 2Tly). (5.6) 

This can be easily derived using (2.8). The following is a lemma in 

Lemma 5.5. Let M <Z Q be a graph over Sq, then 

\v,u'\<cv^ + \\A\\e^\\Duf. 
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Finally we obtain a uniform bound of v, the proof of which is an adaptation 
to our case of the proof of Proposition 3.7 of [2|. 

Theorem 5.1. Let Q €z N be precompact. Then as long as the flow stays 
in 0, the term v remains uniformly bounded 

V <c^ c{n,Mo). (5.7) 

Proof. Let /i, A be positive constants, where fi is small and A large, and 
take 

ip = e'"'''\ (5.8) 

We may assume that u > 1, otherwise we replace in (5.8) u hy u + c for 
some c large enough. We also assume that v > 1. We will see that choosing 
A and jj, conveniently, then w = vip will be uniformly bounded. From 

if = ipfiXe^"'u, 

= ^{fiXe^'^'fWDuW^ + /iAVe^'ll^iulP + ^lXv^e^''Au, 
and Lemma 5.2 and 5.4 we conclude that 

- pHP-^ Aif < cnXe^"{pHP-^)lP^ ~ pHP-^ ^iX^e^" (l + ^e^") \\Du\\^^, 
where we use < p < 1. This inequality. Lemma 5.3 and 5.5 imply 
w - pHP-^Aw = (S' - pHP-^AW)ip + v{ip - pHP-^Atp) - 2pHP-^DvDip 

< -pHP-^{\ - e)\\A\\'^vLp + pRP-^c [\ + v^if + pHP-^cfiXe^^'v^^ 

-pRP-^fiX'^e^" (1 + /ie^") \ \Du\\^vip - 2pHP-^ ^iXe^^'ipviUjg'^ . 

Here and in the above computations, we have used that H is bounded 
in finite time by Lemma 3.4, (4.4) and (4.5). Note that the last term is 
< pHP~^fj,Xe^'^ip [ciP + ||>l||e'^||£'u|p). From the above we lastly arrive at 

w-pHP-^Aw < ~pHP-\l - e)\\A\\^dtp + pHP-^c [1 + -] v^ip 



e 

+pHP-'^cfiXe^''v^ip - piJf-VA^e^"{l + ne^^'jWDuW^vip 



+2pHP-^fiXe^^\\A\\e^\\Dr''^^ 



We estimate the last term on the right hand side by 

2pHP-^^iXe^''\\A\\e'^\\Du\\^ip < 

< pHP-^UAW'v^il - e) + P^^fi^X^e^^^v'^e^'^WDuU^ifi, 

1 — e 
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(5.9) 



By setting e = e 



, from (5.9) wc derive 



w-pHP-^Aw < pHP-^ciiXe^"v^ip+pHP-^ce^''v^^ 

+pHP-^ (yZT^ ~ A MA^e^''|£>u||2v<^. (5.10) 



Choose n = ^ and Aq so large that < |, VA > Aq. Since = 
{v^ — l)e~'^^ > v^e~^^ > a? we conclude that the last term on the right 
hand side of (5.10) is less than 

-\\^e^^\\Du\^v>^pEP-^ < -cX^e^'^v'^ippHP-^. 
8 

Now (5.10) reduces to the form 

w - pHP-^Aw < cpHP-^{l + A - A2)e^"uV- 

Choosing A large enough such that A > Aq, and applying the parabolic 
maximum principle to w gives 



6 Higher Order Estimates and Proof of The- 
orem 1.1 

In this section, we prove that as long as the flow stays in a precompact 
set O C A^, the norm of the second fundamental form of the evolutive 
hypersurface is a prior bounded by a constant depending only on f2 and 
the initial hypersurface Mq. 

Lemma 6.1. Let fl C N be a precompact region and assume that the flow 

(3.1) stays in Q. during the evolution. Then the principal curvatures of the 
evolution hypersurfaces M(t) are uniformly bounded. 



w <c = c(|w(0)|so, Ao,0). 



This completes the proof of Theorem 5.1. 



□ 
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Proof. We follow close P] to prove that ip = sup{hijr]^r]^ : \\ri\\ = 1} is 
uniformly bounded. The principal curvatures are bounded from above, for 
H is positive (see Lemma 3.4). Let < T < T*, and Xq = xo{to), with 
< to < T , he a point in M{to) such that 

suptp < sup{sup(/3 : < < < r} = fixo)- 

Mo Mt 

We choose a local normal coordinate system (^') at the point xq € M(to) 
such that at xq = x{to, ^o) we have gij = 6ij, Lp = and /ly is diagonalized. 
Consider the contravariant vector field rj — {rf) — (0, 0,-- - ,0,1), and 
define on a neighbourhood of (ioiCo) the function 

if assumes its maximum at (tg, Co)j and at this point, ip = and the spatial 
derivatives do coincide. So, at (toiCo), 'P satisfies the same differential 
equation (3.4) as h^. From the estimates in preceding sections, we deduce 
from Lemma 3.3 that 

^ - pH^-'Ap < pH^-' (c(l + h^J + {Kf - 1 1^1 , (6.1) 

where < p < 1 and again H is bounded in finite time. From (6.1) and 
the maximum principle we deduce that ip is uniformly bounded. 

□ 

Suppose that T* < cx3, in the flow equation (4.3). Then from Lemma 
4.1, we know that the flow stays in a compact region of iV, i.e u stays uni- 
formly bounded. Furthermore, in view of Theorem 5.1 the first derivative 
Du stays also uniformly bounded. Finally Lemma 6.1 (with (2.8), (2.9) 
and (2.10)) we obtain uniform C^-estimate for u. Since in finite time, H 
is bounded from above by (4.4) and (4.5), and we also know that H has 
a positive lower bound by Lemma 3.4, applying the standard regularity 
results in] (see also ^T]) we obtain C^^"-estimates from the C^-estimates 
of u, leading further to uniform C™'"-estimates for any positive integer m. 
But this contradicts to the maximality of T* . Therefore, T* = oo, i.e., the 
flow exists for all time. 

Now we further assume that the limit limj^oo infajgSo '^{^j ^) is bounded 
from below. Then from the proof of Lemma 4.1 we know that the flow hy- 
persurfaces M{t) stay in a precompact region of for all t. Integrating 
(4.3) with respect to t, and observing that the right hand side is non posi- 
tive, yields 

u{0,x)-u{t,x)^ f e-'^viRP -t)>c [ {RP-t), 
Jo Jo 
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/ {HP - r) < oo, Vxe So. 
Jq 

Hence for any x G 5*0, there is a sequence — > oo such that, —>■ t. On 
the other hand, u{-,x) is monotone decreasing and therefore 

hm u{t, x) — u(x) 

t — ^CxD 

exists and has desired regularity. We therefore have proved the foUowing 
theorem 

Theorem 6.1. Let N be a cosmological spacetime with compact Cauchy 
hypersurface So and Mq a closed spacelike hypersurface in N such that 
H > ^/t. If the curvature condition (1.2) is satisfied, then the evolution 
equation (3.1) with initial hypersurface Mo exists for all time, when p e 
(0, 1]. Moreover if we further assume that the limit hmt_,cc iuixeSo u{t, x) 
is bounded from below, then the solutions to (3.1) converge to a stationary 
spacelike hypersurface with mean curvature -^/r, as t oo. 

The positive number t is arbitrary, letting r ^ in the above theorem, 
we obtain that the power mean curvature flow (1.1) exists for all time. If we 
further assume the limit limt^oo infj^gs,, u{t, x) is bounded from below, the 
flow hypersurfces ^(t) of (1.1) converge to a stationary maximum spacelike 
hypersurface. This completes the proof of Theorem 1.1. 
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